I. INTRODUCTION
It has been well established that the phenomenon of vibrational excitation of a molecule by electron impact is dominated by resonance formation. ' The direct (or nonresonant) contribution, which is quite important for the elastic scattering of electrons by a molecule, to the vibrational excitation is usually small. For example, the spectacular peaks in the cross sections for vibrational excitation of molecular nitrogen can be satisfactorily reproduced only by using a proper resonance model. The purpose of this paper is to present a closed-form expression for the resonant contribution to the amplitude for vibrational excitation of a molecule by electron impact using a simple model.
Furthermore, some useful recursion relations among the excitation amplitudes will be obtained which will permit a rapid evaluation of the resonant contribution to the cross sections for any inelastic or superelastic vibrational transition in a molecule.
In the model that we are proposing here, the potential curves of the electronic state of the molecule and of the resonant anion state are replaced by those of two simple harmonic oscillators of arbitrary frequencies, curvatures, and equilibrium internuclear separations. Moreover, the two oscillators have arbitrary energy separation. A similar (but not identical) model has been used in the past by other investigators ' for vibrational excitation of a molecule by an electron. In these previous investigations the two linear harmonic oscillators were taken to have the same frequency. Also, a simple recursion relation among excitation amplitudes was obtained previously and was 
Here, V (R) is the real part of the potential curve of the anion state AB . b, (R) and I (R) are, respectively, the level shift and the resonance width. T~is the nuclear kinetic energy, and X (R) is the nuclear wave function of the initial rotationless vibrational level of AB. E is the total energy of the system, that is, E =c. +E, E"being the initial vibrational energy of the target molecule. If X"(R)
is the wave function of the final vibrational level of the molecule, the amplitude for vibrational excitation via resonance formation is'
where B = 4tr /(k;kf )' . F-or brevity, we are using the bra and ket notation to denote the various vibrational wave functions of the molecule, namely, X (R) = (R~m ) and X"(R) = ( R n ) . Using Eq. (1) and introducing a complete set of vibrational wave functions ((R~v)) of the anion state, the transition amplitude can be written as 
H are the Hermite polynomials and [m, v] 
where Ik, l j denotes the larger of the two integers k and l. Using Eq. (A4), a (m~n;e) can be written as
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Here, for convenience, we have introduced z =exp(it). Now the derivatives in Eq. (9) can be carried out explicitly and using Eqs. (12) and ( ' and can be written as 
Equation (22) can be used to obtain recursion relations for the vibrational excitation amplitudes. Multiply Eq. . Note that the initial vibrational level m is different in various terms but the final level n is fixed. Furthermore, the incident electron energy is different, although the total energy E is the same in each term of the recursion relation.
The principle of detailed balancing relates the amplitude of the m-to-n transition to the amplitude of the n-tom transition, albeit at different incident electron energy (but at the same total energy), as 3 (m~n;E)= A(n~m;c. +(m -n}co) . (27) It is easy to see that Eq. (27) also follows from Eq. (5) almost by inspection.
From the mere knowledge of the two vibrational amplitudes, 2 (0~0;E) and A (0~1;c) at all energies, and using the recursion relation of Eq. (25) , the entire first row (m =0) of the vibrational amplitude matrix can be obtained. Equation (27) can then be applied to obtain the first column (n =0). With the additional knowledge of 3 (1~1;E),the next row (or column) can be obtained using Eq. (25) [or Eq. (26) ]. Here, it should be noted that there are two alternative methods for completing the amplitude matrix. First, the rows and columns of the entire matrix can be obtained by successive use of the recursion relations of Eqs. (25) and (26). Second, using the principle of detailed balancing, Eq. (27), each column (or row) can be obtained from its corresponding row (or column).
Thus only half of the matrix needs to be built up via the recursion relations.
IV. DISCUSSION
In the preceding sections we have obtained a summation expression, Eq. (5), and an integral expression, Eq. (15}, for the amplitude for resonant vibrational excitation of a molecule. Useful five-term recursion relations among these amplitudes are obtained in Eqs. (25) and (26) The summation expression of Eq. (5) proved to be more useful than the integral expressions of Eqs. (16) and (17) when used for evaluation of the amplitudes. This is because the integrands in Eqs. (16) and (17) 
